The notion of a function is central to modern mathematics and the usual modern definition involves a rule which takes each element of the domain X and assigns a unique element in the range Y. Examples, where X and Y are both the set of real numbers, are f(x)=x We must point out that the simple examples of functions mentioned above possess three characteristics which are by no means involved in the general idea of a function, viz:
y is determined for every value of x;
2. to each value of x for which y is given corresponds one and only one value of y; 3. the relation between x and y is expressed by means of an analytical formula.
[...] All that is essential is that there should be some relation between x and y such that to some values of x at any rate correspond values of y. [1]
When I read this, I was rather surprised that Hardy took a somewhat more liberal view of the idea of a function than we commonly do today. He gives a number of further examples, some of which involve formulae, an equation or algebraic expression in x and y, including an infinite series. Others involve a relationship between x and y which follow from some geometrical construction. In this article, I'd like to give some examples of geometrical functions as illustrated by the software GeoGebra.
GeoGebra is dynamic mathematics software. In this the user can define mathematical objects such as numbers, points, lines, and circles. Most of these objects have two representations, and this dual nature is the essence of GeoGebra. The first aspect is an algebraic expression, the second is a geometric figure. Real numbers also may have such a dual existence: in algebraic form they exist as a variable name representing the value of this number; in geometric form as a free slider which may be dragged to alter the value. GeoGebra was given a brief review in [2] . In this article I'd like to expand on this discussion by looking at how the idea of a function is developed in GeoGebra.
GeoGebra certainly allows the notion of a real function to be examined, and it will easily plot graphs of many standard elementary functions. Furthermore, these traditional functions have a life within the software which is both algebraic and graphical. For example, points can be placed on the curve representing the function and dragged. While this is being done the coordinates of the point are continually updated to illustrate the input-output relationship. This all has obvious pedagogic value for some students, and is illustrated below.
But the purpose of GeoGebra is to give more equal weight to geometry as well as to calculus and algebra. What then is a geometrical function? In fact, the modern definition of function allows the domain to be "pairs of plane points" and the range to be "straight lines". An example of such a function might take any two distinct points and return the unique line through them. In GeoGebra this is naturally represented both as an equation (perhaps in implicit form ax+by=c) and as a geometric figure. The button "line through two points" can be thought of as one way to access this function. Actually, GeoGebra also has a command line input in which this function is explicit, i.e. line [A,B] .
GeoGebra separates mathematical objects into free objects and dependent objects. Where the dependent objects are defined by an explicit construction (algebraic or geometric) the construction steps can be encapsulated into a tool. Once the tool has been defined a new button appears on the tool bar and a corresponding function name is available to the user. Such tools are essentially functions, and may operate with geometric objects such as circles, lines and points.
The idea of a tool as a function allows the user to behave mathematically in two important ways: encapsulation/ compression and extension. Compression or encapsulation is the process by which a mathematician takes a complex procedure or construction and represents it by a single step. Perhaps the simplest example of compression is arithmetic multiplication: repeated addition is compressed to a single step. There are also geometrical examples of compression: it is a theorem of Euclidean Geometry that given three points which are not-colinear then we can construct a unique circle through them. This multi-step construction, which requires us to drop perpendicular bisectors to line segments, can be encapsulated into a single operation. Indeed GeoGebra already provides a button to do just this. But, notice this compression process results in a geometrical function: take three points and return a circle (or straight line).
In [3] , I examined which buttons, i.e. constructive theorems, or if you like geometrical functions, were provided by GeoGebra. Taking some buttons as "axioms" the remainder were classified from an Euclidean point of view. This analysis revealed some "missing buttons". In particular, there is already a button which takes a point and a circle and returns the tangent lines to the circle through the point. But, it was not possible to obtain lines tangent to two given circles with an existing button. The problem "given two circles, find lines tangent to both" can be solved both from an algebraic point of view, or using ruler and compass constructions. Interestingly, there may be zero, one, two, three or four solutions depending on whether the circles are contained one within the other, are tangent to each other, overlap or are separated. For completeness, both algebraic and geometric solutions are given online at:
http://web.mat.bham.ac.uk/C.J.Sangwin/Teaching/ geom/Tangent_circle_circle/ Furthermore, the construction which returns the tangent lines for two given circles can be encapsulated into a GeoGebra button. But what is the point of such a "button"? In fact, there is a very interesting theorem which demands it.
Theorem 1
Take three circles, of different radii where no one is contained within another. For each pair of circles find the intersection of the external tangent lines. Prove the three intersection points are colinear. The static picture above is a poor substitute for the dynamic GeoGebra diagram in which the circles, (or points which define them) can be dragged. The tangent lines, and their intersections, then also move continuously illustrating the invariant at the heart of the theorem. One purpose of such dragging is precisely to notice such invariants, but of course a pretty picture is no proof.
So much for compressions, but what about extension? For students coming to university one of the most important mathematical extensions is that from the domain of real numbers to the complex numbers. Indeed, it is an aphorism that the shortest path between truths in the real domain passes through the complex plane.
Furthermore, complex numbers have natural algebraic and geometric representations, thanks to the Argand diagram. Can we interpret points in the GeoGebra plane as complex numbers? Indeed we can, and taking two points A and B say, the command A+B in GeoGebra results in coordinatewise addition. This is what we would need to find the sum of complex numbers A and B. Multiplication is only slightly more difficult. In GeoGebra, the x-coordinate of a point A is obtained with x(A), so that the coordinates of the complex product of A and B become simply:
Having defined the point, we can encapsulate this into a GeoGebra tool. Further tools can be defined for other complex operations such as conjugation, division, reciprocal, and square root. In this latter case, some care is needed to use an algebraic form for each point which gives convenient branch cuts, but this is straightforward to achieve.
Originally, I was motivated to extend GeoGebra into the complex plane in response to an admission from some of my students that they had difficulty in visualizing the result of the complex function f(z)=z
2
. I was about to iterate the function f(z)=z 2 +c, and so squaring complex numbers is a key step. It was rather straightforward to go through the GeoGebra tool creation process in this special case with the students in class. Then we can "square the circle" or rather find the locus of all points on a circle when squared. To do this we create a circle in GeoGebra (e.g. centred at A through B), constrain a point P on it, and then apply the new z 2 tool to this point to obtain its image P´. To obtain the locus we can turn the trace on and move the point ourself, watching the locus appear, or use GeoGebra's locus function to plot it immediately. Since both have their different strengths, both were used in class.
This all worked rather well, and I think that having both the algebraic and graphical representations so closely tied together really helped the students in this case. I wouldn't have been able to do this without the dynamic software. Motivated by this, after the class I developed some extra tools, gave these little icons (which is an option) and have subsequently used this in a number of different classes where it was helpful to have complex numbers available visually. In GeoGebra version ≥ 3.2 complex multiplication of two points is a core operation: A⊗B, i.e. there is no need to create or load tools.
The tools function within GeoGebra is interesting because it allows geometrical functions to be defined, which illustrate a key mathematical process: encapsulation or compression. Using these tools it is possible to extend the software in natural ways, just as mathematical domains are extended during normal teaching.
